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THE Sp(1)-KEPLER PROBLEMS
GUOWU MENG
Abstract. Let n ≥ 2 be a positive integer. To each irreducible representation
σ of Sp(1), an Sp(1)-Kepler problem in dimension (4n− 3) is constructed and
analyzed. This system is super integrable and when n = 2 it is equivalent to a
generalized MICZ-Kepler problem in dimension five. The dynamical symmetry
group of this system is O˜∗(4n) with the Hilbert space of bound states H (σ)
being the unitary highest weight representation of O˜∗(4n) with highest weight
(−1, · · · ,−1
︸ ︷︷ ︸
2n−1
,−(1 + σ¯)),
which occurs at the right-most nontrivial reduction point in the Enright-Howe-
Wallach classification diagram for the unitary highest weight modules. Here
σ¯ is the highest weight of σ. Furthermore, it is shown that the correspon-
dence σ ↔ H (σ) is the theta-correspondence for dual pair (Sp(1),O∗(4n)) ⊆
Sp8n(R).
1. Introduction
The Kepler problem is a well-known physics problem in dimension three about
two bodies which attract each other by a force proportional to the inverse square
of their distance. What is less known about the Kepler problem is the fact that it
is super integrable1 at both the classical and the quantum level, and belongs to a
big family of super integrable models. One interesting such family is the family of
MICZ-Kepler problems [1, 2].
In our recent research on the Kepler problem [3, 4, 5, 6, 7], a dominant theme is
the construction of new super integrable models of Kepler type on the one hand and
the exhibition of the close relationship of these super integrable models with certain
unitary highest weight modules for a real non-compact Lie group of Hermitian type
on the other hand. Depending on the interests of the readers, one may view this
investigation either as a journey to discover new super integrable models or as an
effort to better understand the geometry of certain unitary highest weight modules.
Here we continue this theme.
In Ref. [6], a new family of super integrable models of the Kepler type — the
O(1)-Kepler problems — has been constructed and analyzed, and their intimate re-
lationship with theta-correspondence has been uncovered. Their complex analogue
— the U(1)-Kepler problems — have been constructed and analyzed in Ref. [7].
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1A physics model is called super integrable if the number of independent symmetry generators
is bigger than the number of degree of freedom. For the Kepler problem, the degree of freedom is
3 and the number of independent symmetry generators is 5.
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The purpose here is to construct and analyze their quaternionic analogues — the
Sp(1)-Kepler problems.
Recall that, in the construction of the O(1)-Kepler problems in dimension n, the
canonical bundle
O(1)→ Sn−1 → RPn−1
plays a pivotal role. Here the corresponding bundle is
Sp(1)→ S4n−1 → HPn−1.
Later we shall demonstrate that, a model with n = 2 constructed in this paper
is equivalent to an Iwai’s SU(2)-Kepler problem [8]. That is why the models con-
structed here are called the the Sp(1)-Kepler problems.
1.1. Statement of the Main Results. Before stating our main result, let us fix
some notations:
• n — an integer which is at least 2;
• σ — an irreducible representation of Sp(1), it also denotes the underlying
representation space of σ;
• σ¯ — the highest weight of σ, so it is a non-negative integer;
• U˜(2n) — the nontrivial double cover of U(2n);
• O˜∗(4n) — the nontrivial double cover of O∗(4n);
• κ — a half integer;
• l — a non-negative integer;
• Rκl (σ) — the highest weight module of U˜(2n) with highest weight
(l + σ¯ + κ, l+ κ, κ, · · · , κ︸ ︷︷ ︸
2n−2
);
• Rκl (σ) — the highest weight module of U˜(2n) with highest weight
(−κ, · · · ,−κ︸ ︷︷ ︸
2n−2
,−(l + κ),−(l + σ¯ + κ)).
We are now ready to state the main results on the Sp(1)-Kepler problems.
Main Theorem 1. Let n ≥ 2 be an integer, σ an irreducible representation of
Sp(1), and σ¯ the highest weight of σ. For the (4n − 3)-dimensional Sp(1)-Kepler
problem with magnetic charge σ, the following statements are true:
1) The bound state energy spectrum is
EI = − 1/2
(I + n+ σ¯2 )
2
where I = 0, 1, 2, . . .
2) There is a natural unitary action of O˜∗(4n) on the Hilbert space H (σ) of
bound states, which extends the manifest unitary action of Sp(n). In fact, H (σ) is
the unitary highest weight representation of O˜∗(4n) with highest weight
(−1, · · · ,−1︸ ︷︷ ︸
2n−1
,−(1 + σ¯)).
3) When restricted to the maximal compact subgroup U˜(2n), the above action
yields the following orthogonal decomposition of H (σ):
H (σ) =
⊕ˆ∞
I=0
HI(σ)
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where, as the irreducible U˜(2n)-representation, HI(σ) is the unitary highest weight
representation with highest weight
(−1, · · · ,−1︸ ︷︷ ︸
2n−2
,−(1 + I),−(1 + I + σ¯)).
4) HI(σ) in part 3) is the energy eigenspace with eigenvalue EI in part 1).
5) The correspondence between σ and H (σ) is the theta-correspondence2 for dual
pair (Sp(1),O∗(4n)) ⊆ Sp8n(R).
For readers who are familiar with the Enright-Howe-Wallach classification dia-
gram [9] for the unitary highest weight modules, we would like to point out that,
the unitary highest weight module identified in part 2) of this theorem occurs at
the rightmost nontrivial reduction point of the classification diagram. Note that,
part 3) of the above theorem is a multiplicity free K-type formula.
In section 2, we introduce a super integrable model for each integer n ≥ 2
and each representation of Sp(1) = SU(2). Here the scalar potential is (uniquely)
determined by the requirement that the radial Schrodinger equation can be solved
in terms of generalized Laguerre polynomials. For n = 2, these models are shown
to be equivalent to (the quantum analogues of) Iwai’s SU(2)-Kepler problems.
In section 3, we give a detailed analysis of the models and finish the proof of
main theorem 1. Here, the bound state problem is solved with the help of the well-
known branching rules for compact symmetric pairs, and then the large hidden
symmetry is exhibited. For the dynamic symmetry, a crucial connection of these
models with harmonic oscillators is obtained and subsequently exploited. Through
these detailed analysis, the models can be seen clearly to be super integrable and
share the characteristic features of the original Kepler problem; together with the
fact that they are equivalent to Iwai’s Sp(1)-Kepler problems when n = 2, we refer
these models as Sp(1)-Kepler problems.
As expertly pointed out by the referee, the models introduced here and in Refs.
[6, 7] can be alternatively obtained from the harmonic oscillators via the quantum
symmetry reduction. Our method seems to work more generally, that is why we
can make progress in Ref. [3].
It is worth to remark at this point that the super integrable models constructed
in this paper and our other papers is perhaps just a small part of the universe of
super integrable models of Kepler type. In fact, a new super integrable model with
E7(−25) as its dynamic symmetry group will appear in a forthcoming joint paper
with J.S. Li.
2. The models
Let n ≥ 2 be an integer, Hn∗ = Hn \ {0}, and σ an irreducible unitary represen-
tation of Sp(1). Denote by σ¯ be the highest weight of σ.
Consider the principal bundle
Sp(1)→ Hn∗ → H˜Pn
where H˜Pn ∼= R∗ × HPn−1 is the quotient space of Hn∗ under the equivalence
relation Z ∼ α ·Z, α ∈ Sp(1). We shall always assume the Euclidean metric on Hn∗
and the resulting quotient Riemannian metric on H˜Pn.
2See Ref. [10] for details on reductive dual pairs and theta-correspondence.
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We use (ρ,Φ) to denote the polar coordinates on H˜Pn and γσ to denote the
vector bundle associated to representation σ. Then ρ([Z]) = |Z|, Φ is a coordinate
on HPn−1, and γσ is a hermitian line bundle over H˜Pn with a natural hermitian
connection A. Here is a technical lemma which will be used later.
Lemma 2.1. 1) Let Z ∈ Hn∗ and ρ = |Z| =
√
Z¯ · Z. Then we have the following
identity for the Euclidean metric on Hn∗ :
|dZ|2 = dρ2 + ρ2
(
ds2FS +
(
Im(Z¯ · dZ)
|Z|2
)2)
where “Im” in Im(Z¯ · dZ) stands for “the imaginary part of”, and ds2FS is the
Fubini-Study metric3 on HPn−1, i.e.,
ds2FS =
|dZ|2
|Z|2 −
|Z¯ · dZ|2
|Z|4 .(2.1)
Consequently, the quotient metric on H˜Pn is
ds2
H˜Pn
= dρ2 + ρ2ds2FS .(2.2)
2) If we take the invariant Riemannian metric on Sp(n) as the restriction of
the Euclidean metric on Hn
2
, then the resulting quotient metric on HPn−1 =
Sp(n)
Sp(n−1)×Sp(1) is twice of the Fubini-Study metric. Consequently,
∆A|HPn−1 = 2 (c2[Sp(n)]− c2[Sp(1)]|σ)(2.3)
where ∆A|HPn−1 is the (non-negative) Laplace operator acting on sections of γσ|HPn−1 ,
c2[Sp(n)] is the Casimir operator of Sp(n), and c2[Sp(1)]|σ is the value of the
Casimir operator of Sp(1) at σ.
Proof. 1) Let Z = (Z1, · · · .Zn) ∈ Hn∗ . The Euclidean metric on Hn∗ is just |dZ|2 =
dZ · dZ¯. Since ρ2 = |Z|2 = Z · Z¯, 2ρdρ = Z · dZ¯ + Z¯ · dZ, and
dρ2 =
2|Z · dZ¯|2 + (Z · dZ¯)2 + (Z¯ · dZ)2
4|Z|2 .
A computation shows that
|dZ|2 = dρ2 + ρ2
(
ds2FS +
(
Im(Z¯ · dZ)
|Z|2
)2)
.
The right Sp(1) action on Hn∗ generates a rank 3 sub-bundle of TH
n
∗ . The fiber of
this sub-bundle at point Z0 is spanR{(Z0, Z0i), (Z0, Z0j), (Z0, Z0k)}. Let VZ0 be
the orthogonal complement of spanR{Z0i, Z0j, Z0k} in Hn(= R4n), so
VZ0 =
{
W ∈ Hn | Im(Z¯0 ·W ) = 0
}
.
To finish the proof of part 1), we just need to check that quadratic form(
Im(Z¯ · dZ))2∣∣∣
Z0
vanishes when restricted to Z0 × VZ0 . Indeed, if v := (Z0,W ) ∈ {Z0} × VZ0 , then(
Im(Z¯ · dZ))2∣∣∣
Z0
(v, v) = (Im(Z¯0 ·W ))2 = 0.
3It is the quotient metric on S4n−1/Sp(1). On HP 1 = S4, it is 1
4
times the standard round
metric.
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2) The Euclidean metric on Hn
2
is tr(dM † dM), so the Riemannian metric on
Sp(n) is ds2Sp(n) = tr(dg
† dg). Since the action of Sp(n) on HPn−1 = Sp(n)Sp(n−1)×Sp(1)
is transitive and both the Fubini-Study metric and the quotient metric here are
Sp(n) invariant, we just need to verify the statement at point p := [1, 0, · · · , 0] ∈
HPn−1. Let I ∈ Sp(1) be the identity matrix.
In the following, if X is a Riemannian manifold, we shall use 〈, 〉|X to denote the
Riemannian inner product on the tangent space of X at some point.
Let I ∈ Sp(1) be the identity matrix. Let u, v ∈ TISp(n) be two tangent vectors
which are orthogonal to TI(Sp(n − 1) × Sp(1)). Then, there are a, b ∈ Hn−1 such
that
u =
(
I,
(
0 −a†
a 0
))
, v =
(
I,
(
0 −b†
b 0
))
,
so 〈u, v〉|U(n) = a†b+ b†a = 2Re(a†b). Let
p˜ = (1, 0, · · · , 0︸ ︷︷ ︸
n−1
)T ∈ S4n−1,
and u˜, v˜ be the image of u, v respectively under the linearlization at I of the
quotient map
Sp(n) → S4n−1
A 7→ Ap˜ .
Then
u˜ =
(
p˜,
(
0
a
))
, v˜ =
(
p˜,
(
0
b
))
,
so 〈u˜, v˜〉|S4n−1 = Re(a†b). Therefore,
〈u, v〉|Sp(n) = 2〈u˜, v˜〉|S4n−1 .(2.4)
Let u¯, v¯ be the image of u, v respectively under the linearlization at I of the
quotient map
Sp(n) → HPn−1
A 7→ [Ap˜] .
One can see that u, v are respectively the horizontal lift of u¯, v¯, then, by definition,
〈u¯, v¯〉q = 〈u, v〉|Sp(n) .
Here 〈 , 〉q denote the quotient metric on HPn−1 = Sp(n)Sp(n−1)×Sp(1) .
On the other hand, one can see that u˜ and v˜ are respectively the horizontal lift
of u¯ and v¯ in fiber bundle S4n−1 → HPn−1, then, by definition,
〈u¯, v¯〉FS = 〈u˜, v˜〉|S4n−1 .
Eq. (2.4) then implies that 〈u¯, v¯〉q = 2〈u¯, v¯〉FS . In view of the fact that the
Laplace operator gets multiplied by 1/a if the Riemannian metric gets multiplied
by a number a, Eq. (2.3) follows from Lemma A.1 in Ref. [7].

We are now ready to introduce the notion of Sp(1)-Kepler problems.
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Definition 2.2. Let n ≥ 2 be an integer and σ an irreducible representation of
Sp(1). The Sp(1)-Kepler problem in dimension (4n− 3) with magnetic charge σ is
the quantum mechanical system for which the wave functions are smooth sections
of γσ, and the hamiltonian is
H = − 1
8ρ
∆A
1
ρ
+
σ¯(σ¯ + 2) + 6(n− 78 )
8ρ4
− 1
ρ2
(2.5)
where ∆A is the (non-positive) Laplace operator on H˜Pn twisted by γσ, σ¯ is the
highest weight of σ, and ρ([Z]) = |Z|.
Note that R5∗ and H˜P
2 are diffeomorphic. We use (r,Θ) to denote the polar
coordinates on R5∗ and (ρ,Φ) to denote the polar coordinates on H˜P
2. Let π:
H˜P 2 → R5∗ be the diffeomorphism such that π(ρ,Φ) = (ρ2,Φ), then
π∗(dr2 + r2 dΘ2) = 4ρ2(dρ2 + ds2FS) and π
∗(volR5∗) = (2ρ)
5vol
H˜P 2
.
Let γ(σ¯) be the pullback of γσ by π
−1. It is clear that γ(σ¯) is a hermitian bundle
over R5∗ with a natural hermitian connection A. Recall from Ref. [3] that the five
dimensional generalized MICZ-Kepler problem with magnetic charge µ ∈ 12Z≥0 is
the quantum mechanical system for which the wave functions are smooth sections
of γ(σ¯) (µ = σ¯/2), and the hamiltonian is
hˆµ = −1
2
∆A +
µ2 + µ
2r2
− 1
r
where ∆A is the (non-positive) Laplace operator on R
5
∗ twisted by γ(σ¯) and r(x) =
|x|. We are now ready to state the following
Proposition 2.3. The Sp(1)-Kepler problem in dimension five with magnetic charge
σ is equivalent to the five dimensional generalized MICZ-Kepler problem with mag-
netic charge σ¯/2.
Proof. Let Ψi (i = 1 or 2) be a wave-section for the five dimensional generalized
MICZ-Kepler problem with magnetic charge σ¯2 , and
ψi(ρ,Φ) := (2ρ)
5
2 π∗(Ψi)(ρ,Φ) = (2ρ)
5
2 Ψi(ρ
2,Φ).
Then it is not hard to see that∫
H˜P 2
ψ1ψ2 vol
H˜P 2
=
∫
H˜P 2
π∗(Ψ1)π
∗(Ψ2)π
∗(volR5
∗
) =
∫
R5
∗
Ψ1Ψ2 volR5
∗
and ∫
H˜P 2
ψ1Hψ2 vol
H˜P 2
=
∫
H˜P 2
π∗(Ψ1)
1
ρ
5
2
Hρ
5
2 π∗(Ψ2)π
∗(volR5
∗
)
=
∫
R5
∗
Ψ1 hˆσ¯ Ψ2 volR5
∗
.
Here we have used the fact that
1
ρ
5
2
Hρ
5
2 = − 1
8ρ7/2
(
1
ρ4
∂ρρ
4∂ρ − 1
ρ2
∆A|HP 1
)
ρ3/2 +
σ¯(σ¯ + 2) + 274
8ρ4
− 1
ρ2
= −1
2
(
1
r4
∂rr
4∂r − 1
r2
∆A|S4
)
+
σ¯(σ¯ + 2)
8r2
− 1
r
= −1
2
∆A +
(σ¯/2)2 + σ¯/2
2r2
− 1
r
= hˆσ¯/2.
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
Remark 2.4. In other words, we have proved that our Sp(1)-Kepler problem in
dimension five is equivalent to (the quantum version of) the Iwai’s SU(2)-Kepler
problem [8].
3. The dynamical symmetry analysis
Let ψ be the eigenfunction of H in Eq. (2.5) with eigenvalue E, so ψ is square
integrable with respect to volume form vol
H˜Pn
, and(
− 1
8ρ
∆A
1
ρ
+
σ¯(σ¯ + 2) + 6(n− 78 )
8ρ4
− 1
ρ2
)
ψ = Eψ.(3.1)
We shall solve this eigenvalue problem by separating the angles from the radius.
The branching rule for (Sp(n), Sp(n− 1)× Sp(1)) plus the Frobenius reciprocity
theorem imply that, as module of Sp(n),
L2(γσ|HPn−1) =
⊕ˆ∞
l=0
Rl(σ)(3.2)
where Rl(σ) is the irreducible and unitary representation of Sp(n) with the highest
weight (l + σ¯, l, 0, · · · , 0).
Let {Ylm | m ∈ I(l)} be a minimal spanning set for Rl(σ). Write ψ(x) =
R˜kl(ρ)Ylm(Φ). After separating out the angular variables with the help of Eq.
(2.3) in Lemma 2.1, Eq. (3.1) becomes(
− 1
8ρ4n−3
∂ρρ
4n−4∂ρ
1
ρ
+
(l + σ¯2 )
2 + (2n− 1)(l + σ¯2 ) + 32 (n− 78 )
2ρ4
− 1
ρ2
)
R˜kl = ER˜kl.
where R˜kl ∈ L2(R+, ρ4n−4 dρ). Let Rk(l+ σ¯
2
)(t) = R˜kl(
√
t)/t5/4, then we have
Rk(l+ σ¯
2
) ∈ L2(R+, t2n dt) and(
− 1
2t2n
∂tt
2n∂t +
(l + σ¯2 )
2 + (2n− 1)(l + σ¯2 )
2t2
− 1
t
)
Rk(l+ σ¯
2
) = ERk(l+ σ¯
2
).
By quoting results from appendix A in Ref. [6], we have
Ek(l+ σ¯
2
) = −
1/2
(k + l + σ¯+2n2 − 1)2
(3.3)
where k = 1, 2, 3, · · · . Let I = k − 1 + l, then the bound energy spectrum is
EI = − 1/2
(I + n+ σ¯2 )
2
(3.4)
where I = 0, 1, 2, · · · . This proves part 1) of the main theorem. Moreover, since
R˜kl(ρ) = ρ
5
2Rk(l+ σ¯
2
)(ρ
2), we have
R˜kl(ρ) = c(k, l +
σ¯
2
)ρ2l+σ¯+5/2L2l+σ¯+2n−1k−1
(
2ρ2
I + n+ σ¯2
)
exp
(
− ρ
2
I + n+ σ¯2
)
.
For each integer I ≥ 0, we let HI(σ) be the linear span of
{R˜klYlm |m ∈ I(l), k − 1 + l = I},
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then
HI(σ) ∼=
I⊕
l=0
Rl(σ)(3.5)
is the eigenspace of H with eigenvalue EI , and the Hilbert space of bound states
admits the following orthogonal decomposition into the eigenspaces of H :
H (σ) =
⊕ˆ∞
I=0
HI(σ).
Part 4) of the main theorem is then clear. We shall show that HI(σ) is the highest
weight representation of U˜(2n) with highest weight
(−1, · · · ,−1︸ ︷︷ ︸
2n−2
,−(1 + I),−(1 + I + σ¯)).
To do that, we need to twist the Hilbert space of bound states and the energy
eigenspaces.
3.1. Twisting. Let nI = I + n+
|σ¯|
2 for each integer I ≥ 0. For each ψI ∈ HI , as
in Refs. [11, 4], we define its twist ψ˜I by the following formula:
ψ˜I(Z) = cI
1
|Z| 52 ψI(
√
nI
2
[Z])(3.6)
where cI is the unique constant such that∫
Hn
∗
|ψ˜I |2 =
∫
H˜Pn
|ψI |2.
We use H˜I(σ) to denote the span of all such ψ˜I ’s, H˜ (σ) to denote the Hilbert
space direct sum of H˜I(σ). We write the linear map sending ψI to ψ˜I as
τ : H (σ)→ H˜ (σ).(3.7)
Then τ is a linear isometry.
Since
HψI = EIψI ,
after re-scaling: [Z]→√nI2 [Z], we have(
− (2/nI)
2
8r
∆A
1
r
+ (2/nI)
2 σ¯(σ¯ + 2) + 6(n− 78 )
8r4
− 2/nI
r2
)
ψI(
√
nI
2
[Z])
= EIψI(
√
nI
2
[Z]),
where r = |Z|. Multiplying by (nIr)2, we obtain
1
r5/2
(
− r
2
(
∆A −
σ¯(σ¯ + 2) + 6(n− 78 )
r2
)
1
r
− 2nI
)
r5/2ψ˜I(Z) = n
2
IEIr
2ψ˜I(Z)
= −1
2
r2ψ˜I(Z).
Applying Lemma A.1 in Ref. [7], the previous equation becomes
− 1
2
r2ψ˜I =
(
−1
2
(
1
r4n−
5
2
∂rr
4n−4∂rr
3
2 − ∆ |S4n−1 +6(n−
7
8 )
r2
)
− 2nI
)
ψ˜I
=
(
−1
2
(
1
r4n−1
∂rr
4n−1∂r − ∆ |S4n−1
r2
)
− 2nI
)
ψ˜I
THE Sp(1)-KEPLER PROBLEMS 9
=
(
−1
2
∆− 2nI
)
ψ˜I ,
where ∆ is the (negative definite) standard Laplace operator on Hn, and ψ˜I is
viewed as a σ-valued function on Hn∗ . Then(
−1
2
∆ +
1
2
r2
)
ψ˜I = (2I + |σ¯|+ 2n)ψ˜I .(3.8)
Denote the collection of all smooth sections of γσ by C
∞(γσ), and the collection
of all smooth complex-valued functions on Hn∗ by C
∞(Hn∗ ). Note that an element
in σ∗ ⊗ C∞(γσ) can be viewed as a smooth map F : Hn∗ → End(σ) such that
F (x · g−1) = ρσ(g) ◦ F (x) for any g ∈ Sp(1). Denote by TrF the map sending
x ∈ Hn to the trace of F (x) and by Tr the linear map sending F ∈ σ∗ ⊗ C∞(γσ)
to TrF ∈ C∞(Hn∗ ).
The left Sp(n)-action on Hn∗ induces natural actions on both C
∞(γσ) (hence
on σ∗ ⊗ C∞(γσ)) and C∞(Hn∗ ) with respect to which Tr is equivariant: For any
g ∈ Sp(n),
Tr
(
L∗gF
)
(x) = Tr
(
L∗gF (x)
)
= Tr (F (g · x)) = TrF (g · x) = L∗g (TrF ) (x).
The right Sp(1)-action on Hn∗ induces a natural action on C
∞(Hn∗ ). The action
of Sp(1) on σ∗ yields a natural Sp(1)-action on σ∗ ⊗ C∞(γσ) for which
(g · F )(x) = F (x) ◦ ρσ(g−1) for any g ∈ Sp(1).
It is clear that Tr is also Sp(1)-equivariant: For any g ∈ Sp(1),
Tr (g · F ) (x) = Tr ((g · F )(x))
= Tr
(
F (x) ◦ ρσ(g−1)
)
= Tr
(
ρσ(g
−1) ◦ F (x))
= Tr (F (x · g)) = TrF (x · g)
= R∗g(TrF )(x)
where Rg stands for the right action of g on H
n
∗ .
The inner products on σ∗ and C∞(γσ) yields the tensor product inner product
on σ∗ ⊗ C∞(γσ):
〈α⊗ ψ, β ⊗ φ〉 = 〈α, β〉
∫
Hn
∗
〈ψ, φ〉 =
∫
Hn
∗
Tr
(
(α⊗ ψ)†(β ⊗ φ)) .
On C∞(Hn∗ ), there is a natural inner product:
〈f, g〉 =
∫
Hn
∗
f¯ g.
Lemma 3.1. Let χσ be the character function of σ on Sp(1),
||χσ||2 =
∫
Sp(1) |χσ(g)|2 dg∫
Sp(1) dg
.
Then
||χσ||2〈F,G〉 = dimσ 〈TrF,TrG〉.
Consequently Tr is injective.
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Proof. Since
〈TrF,TrG〉 =
∫
Hn
∗
TrF TrG =
∫
Hn
∗
TrF †TrG,
〈F,G〉 =
∫
Hn
∗
Tr
(
F †G
)
,
we just need to show that
||χσ||2
∫
Hn
∗
Tr
(
F †G
)
= dim σ
∫
Hn
∗
TrF † TrG(3.9)
for any F , G in σ∗ ⊗ C∞(γσ). The two integrants are definite not equal, however,
their integrations over Hn∗ are equal, that is because their integrations along any
orbit of the right action of Sp(1) on Hn∗ are equal:
Claim 3.2. For any F , G in σ∗ ⊗ C∞(γσ), and Z0 ∈ Hn∗ , we have
||χσ||2
∫
Sp(1)
Tr
(
F †(Z0 · g)G(Z0 · g)
)
dg = dim σ
∫
Sp(1)
TrF †(Z0 · g)TrG(Z0 · g) dg.
This claim follows easily from Lemma A.1. Here the fact that dg is bi-invariant
must be used in the proof. 
This lemma implies that Tr is injective. Actually, we have
Proposition 3.3. Tr induces a Hilbert space isomorphism
Tr∗ :
⊕ˆ
σ∗∈Ŝp(1)
σ∗ ⊗ H˜ (σ) ∼= L2 (Hn∗ ) = L2 (Hn)(3.10)
⊕σFσ 7→ ⊕σ
√
dimσ
||χσ|| TrFσ
which is equivariant with respect to both the Sp(n)-actions and the Sp(1)-actions.
Proof. Let Hk be the k-th energy eigenspace of the 4n-dimensional isotropic har-
monic oscillator with hamiltonian − 12∆ + 12r2. In view of Eq. (3.8), we have the
following map
ι := ⊕Tr :
⊕
2I+σ¯=k
σ∗ ⊗ H˜I(σ) −→ Hk.(3.11)
Claim 3.4. ι is an isomorphism.
Proof. Since ι is injective, one just needs to verify the dimension equality:∑
2I+σ¯=k
dim σ∗ · dimHI(σ) = dimHk.
In view of Eq. (3.5),
dim H˜I(σ) = dimHI(σ) =
I∑
l=0
dimRl(σ).
Using the dimension formula in representation theory to compute dimRl(σ), one
arrives at the following explicit form of the dimension equality:
2I+p−q=k∑
q≤I, q≤p
(1 + p− q)2
1 + p
(
1 +
p+ q
2n− 1
)(
p+ 2n− 2
p
)(
q + 2n− 3
q
)
=
(
4n+ k − 1
4n− 1
)
.
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Note that the left hand side of this dimension equality can be simplified into the
following more attractive form:
2I−1+p−q=k∑
0≤q≤I, q<p
(p− q)
(
p+ 2n− 2
2n− 1
)(
q + 2n− 3
2n− 3
)
+ < p↔ q >,
so its generating function, when multiplied by (1− t2), is equal to∑
q<p
tp+q−1
[
(p− q)
(
p+ 2n− 2
2n− 1
)(
q + 2n− 3
2n− 3
)
+ < p↔ q >
]
=
1
2
∑
p,q≥0
tp+q−1
[
(p− q)
(
p+ 2n− 2
2n− 1
)(
q + 2n− 3
2n− 3
)
+ < p↔ q >
]
=
∑
p,q≥0
tp+q−1
[
(p− q)
(
p+ 2n− 2
2n− 1
)(
q + 2n− 3
2n− 3
)]
=
∑
p,q≥0
tp+q−1
[
p
(
p+ 2n− 2
2n− 1
)(
q + 2n− 3
2n− 3
)
− q
(
p+ 2n− 2
2n− 1
)(
q + 2n− 3
2n− 3
)]
= (1 − t)2−2n
∑
p≥0
ptp−1
(
p+ 2n− 2
2n− 1
)
− (1− t)−2n
∑
q≥0
qtq
(
q + 2n− 3
2n− 3
)
= (1 − t)2−2n (t(1− t)−2n)′ − (1− t)−2nt ((1− t)2−2n)′
= (1 − t)−4n(1− t2).
Therefore, the generating function for the left hand side of dimension equality is
(1 − t)−4n. Since the generating function for the right hand side of dimension
equality is obviously (1− t)−4n, we have proved the dimension equality, hence the
claim. 
As a consequence of the above claim, we have the following Hilbert space iso-
morphism: ⊕ˆ
σ∗∈Ŝp(1)
σ∗ ⊗ H˜ (σ) =
⊕ˆ
σ∈Ŝp(1),I≥0
σ∗ ⊗ H˜I(σ)
Tr∗∼=
⊕ˆ∞
k=0
Hk
= L2 (Hn∗ ) .

3.2. Proof of Theorem 1. Parts 1) and 4) have been proved. Let (qi, pi)’s be
the canonical symplectic coordinates on T ∗Hn, in terms of which, the canonical
symplectic form can be written as
ω = dqi ∧ dpi .
The complex structures I, J and K on Hn are diffeomorphisms from Hn to itself, so
T ∗I, T ∗J and T ∗K are symplectomorphisms from (T ∗Hn, ω) to itself. Introducing
zi = q4i−3+~iq4i−2+~jq4i−1+~kq4i and wi = p4i−3+~ip4i−2+~jp4i−1+~kp4i, one can
check that
T ∗I(zi, wi) =~i(z
i, wi), T
∗J(zi, wi) = ~j(z
i, wi), T
∗K(zi, wi) = ~k(z
i, wi),
so (T ∗I, T ∗J, T ∗K) is a quaternionic structure on T ∗Hn and (z1, · · · , zn, w1, · · · , wn)
are the standard quaternionic coordinates on T ∗Hn. Let z = (z1, · · · , zn)T and
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w = (w1, · · · , wn)T , then
ω = Re
(
dz† ∧ dw) .(3.12)
Let q ∈ Sp(1). The right action of q ∈ Sp(1) on Hn induces a right action
on T ∗Hn which maps (zT , wT ) to (zT q, wT q) = (z1q, · · · , znq, w1q, · · · , wnq), so it
leaves ω invariant because
Re
(
q−1(dz¯k ∧ dwk)q
)
= Re
(
dz¯k ∧ dwk
)
.
Let
G = {g ∈ EndR(T ∗Hn) | g∗ω = ω, g commutes with the right Sp(1) action} .
We claim that G = O∗(4n). To prove that, we assume that ~i~j = −~k, and then
rewrite the quaternion vectors z = z′ +~jz′′ and w = w′ +~jw′′ as complex vectors
Z =
(
z′
z′′
)
, W =
(
w′
w′′
)
respectively. The right action by H can be written as follows:
Z ·~i = iZ, W ·~i = iW, Z ·~j = J2nZ¯, W ·~j = J2nW¯ ,
where
J2n =
(
0 −In
In 0
)
with I2n being the identity matrix of order 2n. Let
U =
Z + iW√
2
, V =
Z − iW√
2
,
then the standard symplectic form can be written as
ω =
1
2
(dZ†, dW †)
(
0 I2n
−I2n 0
)
∧
(
dZ
dW
)
=
1
2i
(dU †, dV †) ∧
(
I2n 0
0 −I2n
)(
dU
dV
)
;
moreover,
U ·~i = iU, V ·~i = iV, U ·~j = J2nV¯ , V ·~j = J2nU¯ .
Therefore, g ∈ G if and only if g ∈ EndR(T ∗Hn) is complex linear and
g†
(
I2n 0
0 −I2n
)
g =
(
I2n 0
0 −I2n
)
, g
(
0 J2n
J2n 0
)
=
(
0 J2n
J2n 0
)
g¯,
or equivalently
g†
(
I2n 0
0 −I2n
)
g =
(
I2n 0
0 −I2n
)
, gT
(
0 J2n
−J2n 0
)
g =
(
0 J2n
−J2n 0
)
.
So we conclude that G = U(2n, 2n) ∩O(4n,C), i.e., G = O∗(4n).
It is now clear that Eq. (3.10) is really the decomposition in Eqs. (4.1) and
(4.2) in Ref. [10] with the dual pair being (Sp(1),O∗(4n)) inside Sp8n(R); as a
consequence, H˜ (σ) is a unitary highest weight module of O˜∗(4n). In view of the
fact that τ in Eq. (3.7) is an isometry, by pulling back the action of O˜∗(4n) on
H˜ (σ) via τ , we get the action of O˜∗(4n) on H (σ). Part 5) is then proved.
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Since
ω =
1
2i
(dU †, dV T )
(
I2n 0
0 I2n
)
∧
(
dU
dV¯
)
,(3.13)
we know that ω is invariant under the action of U(4n) on T ∗Hn = C2n⊕C2n. Note
that this U(4n), being the unitary group which leaves
|U |2 + |V¯ |2 = |Z|2 + |W |2 = |z|2 + |w|2
invariant, is a maximal compact subgroup of Sp8n(R). It is not hard to see that
U(4n) ∩O∗(4n) = U(2n) ⊇ Sp(n)(3.14)
with the following identification:
U(4n) ∋
(
A 0
0 −J2nAJ2n
)
←→
(
A 0
0 −J2nA¯J2n
)
∈ O∗(4n).(3.15)
A consequence of Eq. (3.15) is that the imbedding U(2n) ⊂ U(4n) maps
diag{0, · · · , 0︸ ︷︷ ︸
i−1
, 1, 0, · · · , 0} ∈ u(2n)
into
diag{0, · · · , 0︸ ︷︷ ︸
i−1
, 1, 0, · · · , 0}+ diag{0, · · · , 0︸ ︷︷ ︸
i¯−1
, 1, 0, · · · , 0} ∈ u(4n)
where i¯ > 2n is the unique index such that |¯i− i− 2n| = n.
Note that Sp(n) acts on Hn from left, and the induced action on T ∗Hn which
maps (zT , wT ) to (gzT , gwT ) can be identified with the subgroup of U(2n) (a max-
imal compact subgroup of O∗(4n)) which preserves the quaternionic structure on
T ∗Hn. The above unitary action of O˜∗(4n) on the Hilbert space H (σ) of bound
states, extends the manifest unitary action of Sp(n).
Since Hk is invariant under the action of U˜(4n), in view of Eqs. (3.14) and
(3.10), the fact that the Hilbert space isomorphism
Tr∗ :
⊕
2I+σ¯=k
σ∗ ⊗ H˜I(σ)→ Hk(3.16)
is an isomorphism of U˜(2n)-modules implies that H˜I(σ) (hence HI(σ)) is a U˜(2n)-
module. Since Eq. (3.5) is a decomposition of Sp(n)-modules, by using the Little-
wood branch rule for (U(2n), Sp(n)), there is a half integer κ such that
HI(σ) ∼= RκI (σ) or RκI (σ)(3.17)
as irreducible representations of U˜(2n). In view of Eq. (3.15) and its succeeding
paragraph, the isomorphism in Eq. (3.16) and some simple facts on harmonic
isolators imply that HI(σ) ∼= RκI (σ) and
2I + σ¯ + 2nκ = 2I + σ¯ + 2n,
so we must have κ = 1. This proves part 3), and consequently part 2).
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Appendix A. A Simple Fact
Let G be a compact simple group, σ be an irreducible and unitary representation
of G. We also use σ to denote the underlying (complex) representation space of σ
and End(σ) to denote the space of endomorphisms of σ.
Lemma A.1. Let F be an Hermitian inner product on End(σ). Suppose that F is
bi-invariant under the action of G:
F (ρσ(g)X, ρσ(g)Y ) = F (X,Y ), F (Xρσ(g), Y ρσ(g)) = F (X,Y )
for any g ∈ G. Then
F (X,Y ) =
Tr(I, I)
dimσ
Tr(X†Y ).
This lemma is equivalent to the following statement in linear algebra: Let V
be an Hermitian vector space. Suppose that Q is an Hermitian inner product on
End(V ) such that
Q(AX, Y ) = Q(X,AY ), Q(XA, Y ) = Q(X,Y A)
for any Hermitian operator A on V , then
Q(X,Y ) = λTr(X†Y )
for some constant λ. To prove it, we note that Q(AX, Y ) = Q(X,A†Y ) and
Q(XA, Y ) = Q(X,Y A†) for any A ∈ End(V ). Therefore, 1) Q(X,Y ) = Q(I,X†Y ),
2) Q(I, Y ) is a trace: it is linear in Y and
Q(I,XY ) = Q(X†, Y ) = Q(I, Y X).
Consequently, we have the statement proved.
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